A (Bad, Incomplete) Translation of ‘Sur des variétés
riemanniennes a groupe d’holonomie Gy ou Spin(7)” by
E. Bonan, with Additions by the Translator

Sam Close

This is a bad translatiorﬂ of Bonan’s seminal work [1], with some unsolicited comments from
the translator. The best publicly available English translation (that I could easily find) prior to
writing this Robert Bryant’s summary of the paper as an answer to a MathOverflow question
[2], which does contain all the relevant information about what is discussed, but is not itself a
translation.

Changes Some changes and and choices were made. Some notation has been changed or
adapted to modern styles.

e Double-struck font is used for the reals and integers, instead of bold font.

e X notates the antisymmetric pairing of two vectors in 7-dimensions, as it appears in 1., as
opposed to a period.

e The additional basis vector defined in 2. is notated e, not e7.
e Every Lie group is upright, e.g. Spin(7), not Spin(7).
There are some typographical errors in the original.

e There are a number of lines which seem like they should end, but instead carry on via a
comma.

e Equation (3) does not exist.

e Reference 5 (A. Lichnerowicz, Théorie globale des connexions, 1954) is never actually cited
in the text.

e In corollary |2, the expression reads ¢, = v A pip—e + pip Whereas it should be fi,_4.

Most notably, Bonan does not prove any of his propositions or corollaries: thus the proofs added
are my own contribution.

The translation is structured as it appears in the original, albeit with white-space on the
right hand side of the page for translator comments. Additionally, citations are not necessarily
numbered the same as in the original. More detail has also been added to the bibliography.

1This is translated by me, my French knowledge, an online French to English dictionary, and, for some strange
phrases, an online translator. No LLMs were used.
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On Riemannian Manifolds with
Holonomy Group Gs or Spin(7)

Edmond Bonan

Abstract

This completes work that was done in [2]: G2 leaves
invariant a 3-form and a 4-form; Spin(7) leaves invariant a
4-form. Applications to holonomy groups.

1. Let (1,e;), i € Z7 be a basis for the octonions: every triple

(ei, €it+1, €i+3)

forms a basis for the quaternions.
The group SO(7) acts* on R”

R7 = QB Re;.

1€L7

Let Ga be the largest subgroup of SO(7) which preserves the
vector valued 2-form 7,7

X,YER" = T(X,Y)=XxYeR; XxY=-YxX.

Additionally, R7 is equipped with a canonical scalar product

XY eR = (X,Y) =) X'V
1€l7
Then define the trilinear form «

XY, ZeR" - a(X,Y,Z2) = (X,Y x Z)

which is manifestly totally antisymmetric. If we denote (w?) the
dual basis of (e;), it immediately follows that

o= E WA WA WS,
1€ZL7

(1)

We deduce that the 4-form g is adjoint to the 3-form «:
B =x*a= Z W AW A W2 A WS, (2)
1€ZL7
Proposition 1. Gy leaves a and 3 invariant.

Proof. Tt is easy to show that « is Gy invariant. Go invariance of
T means
T(X,Y) =g 'T(¢X,gY).

* This sentence is difficult to translate in a way that
makes sense, because it may not make sense. In
particular, no action is defined: only R7 is defined.
Charitably, this could be read as ‘we define R”, given
as P,z Re;, to be the fundamental /defining repre-
sentation of R7’.

t Two remarks here. Firstly, note that the use of G
here is suggestive notation, rather than being prov-
ably true from the data given: Bonan does not prove
that the group that preserves T is actually G, as we
know it. Secondly, we took quite a liberty with the
translation of the latter part of this sentence. The
original says that Go preserves ‘la table de multipli-
cation T’, which can only be fairly translated as ‘the
multiplication table T”. This sounds a bit odd in En-
glish. What the sentence is actually telling us is that
T is G invariant, so we have changed the translation
to reflect this.



Thus,
(ga)(X,Y,Z) = a(gX,gY,92) = (9X,T(9Y,9Z))
=(9X,g7'T(Y,2)) = (X, T(Y, 2)) = a(X,Y, Z).

The Hodge dual is equivariant with respect to the natural G, <
SO(7) action, thus g*8 = g* x a = x(g* @) = xa = . O

We have shown by direct calculation® that for all 2-forms s:
alNps =0 << py=0.
It follows that if we denote ¢, a p-form:
Proposition 2. Provided that p < 2: a Ay, = 0 implies ¢, = 0.

Proof. p = 0 is trivial. p = 2 is already ‘proven’. For the final
case, p = 1, it is easiest to verify explicitly that the only solution
is 1 = 0. O

Corollary 1. Forp <5, every p-form ¢, admits a unique direct
sum decomposition of the form

©p =N p_3 + 11y, where a A *pe = 0.

Proof. For p = 0,1,2 this is trivially true. For p = 3, we have
the natural splitting of 3-forms into Ra and its complement. This
immediately realises the decomposition @3 = poa + pz. Since
we have a metric, we can force a to be orthogonal to u3, hence
a A *pug = 0. For p =4 we can perform the same trick: we know
that 1 Aa =0 <= p; = 0 from proposition [2 so u1 A o can
serve as our canonical 4-form to decompose the space into

P14 = 1 N o+ g

This decomposition can be made orthogonal since we have a met-
ric. The same proof holds, mutatis mutandis, for p = 5. O

The Lie algebra of Go can be realised a a collection of 7 x 7
matrices A = (A;;) satisfying the relations

Ajj+ A5 =05 Aipri43+ Aigairs + Aigoive = 0.
We remark on the three triples:
(€is€iv1,€it2), (ivar€irs,€i), (€ite,e€i, €it2)

each form a basis for the quaternions.

* This is not shown in the original text: he may be
referring to earlier work or work he did but never
published. It is not difficult for one to check that
indeed this is true.

T A point of curiosity: it’s not clear why Bonan makes
this (or the previous) remark about the quaternions.
It is completely unrelated to the rest of the paper.



2. Let Spin(7) C SO(8) act* on R®
R® = Re7 @& P Re;.
1€ZL7

The previous group G is the isotropy group of the vector e; and
acts in the 7-plane defined by the equation w’ = 0 where we
denote (w®) the dual basis of (ey) (a0 € {7} UZ7).

The Lie algebra’ of Spin(7) can be realised as a collection of
matrices A = (Aqp) satisfying the relations

{Aag + Aﬁa =0;

(3)
Az +Aijrigs + Aivaies + Aigoive = 0.

Define the 4-form ~
y=w Ad +
where o/ and 8’ are the obvious extensions of o and 3 to R®
o =aoP, B =poP

where P denotes the orthogonal projector to R,

y = Z W Awi Aw' T A wiT3 4 Z wi AW AW AW, (4)

i€Zr i€Z7

Proposition 3. v is invariant under Spin(7)?.
Proposition 4. Provided that p < 2: v A ¢, = 0 implies ¢, = 0.

Proof. As with the proof of proposition [2| p = 0 is obvious. The
proof for p = 1,2 can be shown directly. O

Corollary 2. For p < 6, any p-form ¢, admits a unique direct
sum decomposition of the type

Op =Y N tp—a + [y, where ¥ Axpe = 0.
Proof. The proof proceeds, mutatis mutandis, the same as corol-
lary O
3. Let G be a closed subgroup of the orthogonal group O(d).

Definition 1. We call V;, a Riemannian manifold of dimension
d, a G-manifold if the holonomy group is a subgroup of G. The
frame bundle E[Vy, O(d)] admits a subbundle E%[Vy, G].8

The previous results apply at every point € Vy: in particular.

Proposition 5. All Go-manifolds V7 admit a global 3-form and
4-form which are covariantly constant.

Proposition 6. All Spin(7)-manifolds Vs admit a global 4-form
which is covariantly constant.

* Asin 1., this is a strange sentence, though arguably
stranger than before. The original reads ‘[f]aisons
opérer Spin(7) C SO(8) dans R®” which a translator
will tell you means (literally) something like ‘[L]et’s
define Spin(7) C SO(8) on R¥. Once again, no ac-
tion is defined, so we must assume that the action is
implied to be the fundamental representation.

* Bonan says, incorrectly, that these matrices are
the matrices of Spin(7) the Lie group. These are
absolutely the matrices of spin(7).

¥ This is one of the central results of this paper, yet
it is very much not obvious how one proves it given
the preceding discussion.

$ Tt is not clear if there is meaning behind the super-
script a beyond clarifying that this is a subbundle.



Proof. Both proposition [5| and [f] follow from the holonomy prin-
ciple (cf. [5]) O

The established decompositions in corollaries [1| and [2| are evi-
dently global.

In manipulating Betti numbers b (V) it follows from proposi-
tions 5 and [6] assuming Vj is compact:

bs(V7) # 0; b3(V7) > ba(V7); ba(Vy) # 0; ba(Vg) > bi(VR).

Let us now define R;ji; the Riemann curvature tensor. With
respect to the frame bundle E%[V7, Go] the curvature satisfies the
additional relations:

Ritvivsm + Rivaivsm + Rivoivom =0, Ve 1i € Zr. (5)
Calculating the Ricci tensor,
Rij =Y Ruj. (6)
leZ7
It suffices to calculate Ryg and Rig:

Roo = Ro1o1 + Roz202 + Ro303 + Ros04 + Rosos + Rosos;
Ro1 = Ro212 + Ros13 + Roa14 + Ros15 + Rosie-

Using the relations and noting R r = Ry e

Roo = Roi25 + Ro1ea + Ro243 + Ro251 + Ro324 + Ro3sse
+ Roa16 + Roaz2 + Ros12 + Roses + Rosss + Ropar;
Ro1 = Ro205 + Ro236 + Rossa + Rose2 + Roass
+ Roeo + Ros43 + Ros20 + Roeses + Rosoa-

These two expressions vanish by virtue of the algebraic Bianchi
identity™.

Proposition 7. All Go-manifolds V; are Ricci flat.

Proof. The only additional work required here is convincing your-
self that it is sufficient to check only Ry and Rgp: or checking all
28 components. O

Likewise:
Proposition 8. All Spin(7)-manifolds Vs are Ricci flat.

Proof. After taking into account the extra dimensions, and the
identities 7 the proof proceeds mutatis mutandis the same as
with Gy-manifolds. O

* Bonan calls these the Ricci identities. Nowadays,
Ricci identity refers to the relationship between the
covariant derivative and the curvature tensor.



4. Remarks

e After the work done in [3] by B. Kostant, we showed the

existence of a 4-form form, in particular, the groups Gy and
Spin(7).

e The 3-form « was already found* by C. Chevalley in [§].

e One can link this work to [1], [7], and [4].
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3-form in his book.
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